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Abstract A uniformly valid first order perturbation solution of the Michaelis-Menten
kinetics equations in a total quasi-steady state setting is derived. This approximate
solution has a simpler form than that obtained by Dell’Acqua and Bersani (J Math
Chem 50:1136-1148, 2012). We also indicate an inconsistency in the perturbation
equations obtained by these authors.
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1 Introduction

The classical Michaelis-Menten scheme [1] is widely used in biochemistry to describe
the reaction between an enzyme E and substrate S to give an enzyme-substrate complex
C, which irreversibly yields a product P:

k1 ko
E+S=C3E+P. 1)
—1

Applying the law of mass action to kinetic scheme (1), one obtains the following
system of differential equations

das
E:_kl (Ep —C)S +k_1C, )
dC
Z:kl (ET —C)S — (k-1 + k) C, 3)
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with conservation laws
Er=E+C, S;=S+C+P, 4)

where E7 and St are, respectively, the total concentration of the enzyme and the
substrate in the system. Usually the following initial conditions are imposed:

S¢=0=Sr, Ct=0=0. 4)

Since Eq. (2)—(3) are not integrable in the general case, approximation schemes have
been developed to analyse them, for instance, the standard quasi-steady state approx-
imation (SQSSA) [2-4] and the reverse quasi-steady state approximation (rQSSA)
[3,5]. An extension of the validity of the SQSSA was proposed by Borghans, de Boer
ans Segel [6] by the introduction of a new variable, the total substrate concentration
S = S+ C, and is known as the total quasi-steady state approximation (tQSSA).
Tzafriri [7] rederived the results of Borghans et al. and showed that the tQSSA is
always at least roughly valid.

A uniformly valid first order expansion in a total quasi-steady state setting, obtained

with respect to the perturbation parameter ¢ = Lz, was first found by
(ET+Kp+ST)

Dell’ Acqua and Bersani [8]. The purpose of the present communication is to show an
inconsistency in the perturbation equations obtained by these authors. Then, we derive
a simplified uniformly valid first order solution that can be expressed in an analytic
and closed form.

2 Asymptotic expansions

We shall a@opt the same notation as used in [8]. In terms of the total substrate con-
centration S = S 4 C and C, Egs. (2)—(3) become

s

L _ ke, 6
7 2 (6)
dC 2 _ _

E:klc —(kEr+k_1+k)C —kiSC+ Kk ETS. (7)

To obtain the inner equations, Dell’Acqua and Bersani [8] introduced the following
nondimensional variables and parameters

S Er+K S
s=5 oo ErtKutSn) . T =tk (Er + Ky + S1),
ST E7r St
o= , n= , kM= ——,
Er + Ky + St Er 4+ Ky + St Er+ Ky + St
KET
£ = 8)

(Er + Ky + S1)*’
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where Ky = % is the Michaelis constant and K = % is the van Slyke—Cullen

constant [9]. From the definitions in (8), we have the identity
o+n+xy =1 ©

In terms of these quantities, Eqs. (6)—(7) take the form

ds (10)

— = —&c,

dt

dC 2 _ _

d—:ar}c —(n+«Kkpy)c—osc+s, (11
T

with initial conditions 5(0) = 1 and ¢(0) = 0.
Our key observation is that the product o in Eq. (11) can be expressed as

=e—. 12
on=¢e— (12)

Note that relation (12) is exact. Thus, we replace Eq. (11) by

d S
é =8?T62—(r]+KM)C—O'§C+E. (13)

Now, we expand the functions 5(7) and ¢(7) in the form
s=Xo+eX1+---, c=Tp+el+---. (14)

Substituting (14) in Egs. (10) and (13), and equating terms of like powers of ¢ to zero,
we find, at order O,

Yo =1, (15)
drIy
=0 1—1TY, (16)
dt

where the solution (15) satisfies the initial condition for the total substrate concen-
tration. Note that, because of the relation (12), Eq. (16) has one term less than the
corresponding differential equation for I derived by Dell’ Acqua and Bersani [8].
Thus, the approximations they have obtained are inconsistent in the sense that their
sequence of differential equations include a contribution of higher order perturbation
terms. The solution of Eq. (16) with initial condition IH(0) = O reads

p=1-—¢". (17)

At order 1 we have

dX
— =Ty, 18
e 0 (18)
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d“_STF2 I i+ X (19)
—=—Iy—I1—0 .
dr kK o ! o

The solution of Egs. (18)—(19) is given by

Yi=1—-1—-¢7", (20)

S S
I ?T+2(1—(r)+(<7—1)r+(<7—2)e_f+(fo—ZYT—l)fe_r

S
—%r%‘f T (o _ FT) e 2 1)

The outer equations are obtained by changing the dimensionless time from t to
T = et. Thus, Egs. (10) and (13) transform into

ds
R 22
i c (22)
d S

gﬁ = g%cz —(MM+ky)c—osc+s. (23)

s=so+esi+---, c=cot+ecr+---. 24)

After substitution in Egs. (22)-(23), we get, at order 0,

dso

— = —(yp, 25
a7 co (25)
So —ospco — (1 —0)cop=0. (26)

The solutions of Egs. (25)—(26) are, respectively,

(1—0)Inso+0 (Go— 1) =T, @7
50

- 28

R P 28

where the initial condition for 5o was obtained by the matching condition 5o(7 = 0) =
lim; . Xo = 1. From Eq. (28), it follows that ¢(T = 0) = 1, which is consistent
with the matching condition co(7T = 0) = lim; 00 [ = 1.

At order 1 we have

ds; _ 29)
ar = b

dco St B _ _

9T = ?C(z)_(n‘f‘KM)Cl — o (S1c0 + S0c1) + 51. (30)
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Using Eqgs. (25) and (28), Eq. (30) can be expressed as

_ (1-0)% Sr53 1-0)5
C (l—0+050)* K(l—-o0405)° (I—0+05)?

1 31

We can use this relation to express 57 as a function of s9. With a change of variables,
Eq. (29) can be rewritten as

df] Cl
—_— = (32)
dso co
Using (31), this differential equation can be solved in closed form,
S1= Tt - 'ln( . _)
(1 -0 +05)) (1—-0)(1—0+050) 1—0+ 05
§5
750 In(l — o +050), (33)

Ko (1 -0+ 050)

with 51(59 = 1) = 1. To obtain this initial condition, we first note that X'; behaves
asymptotically as ¥'; ~ 1—t,fort — oo. Thus, from the matching condition between
the inner and the outer solutions, we should have 5; (T = 0) = X1(t = 0) = 1. Since
50(T = 0) = 1, we have the result.

The asymptotic behaviour of the function I'1, Eq. (21), is given by

rliﬁn;ol"l(r)'v‘;—T—i—2(1—c7)—i—(c7—1)r. (34)

One can easily check, using Eq. (31), that ¢{(T = 0) = S7/K + 2(1 — o), thus
satisfying the matching condition with the inner solution I7.

To obtain the uniformly valid approximations, we add the corresponding inner and
the outer solutions, and substract their common part,

5o = Zo(t) + So(et) — 1 = 5o (e7), (35)
cg = TIo(t) +coet) — 1 = coleT) — e 7, (36)
S = X1(1) +51(eT) — 1 + T =51 (e7) — 77, (37)

S
™ =TIi(t) +cier) — ?T —2(—-0)—(c—Dt=ci(et)+ (6 —2)e *
S S
+ (20 - 2% - 1) Te ' — %rze_r + (U — ?T) e T, (38)
The final expressions for our approximate solutions read

Eun. — Egn + ggiln.’ Cun. — C(L;n. + Sclitn.. (39)
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Fig. 1 a The substrate concentration s = S/S7 and b the dimensionless enzyme-substrate complex
concentration ¢, as function of the time 7. The solid lines were calculated with the expressions derived in
[8], while the circles represent the approximations (39). Parameters: E7 =3, S = 1,k; = 1, k1 =1
and kp = 1
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Fig. 2 a The substrate concentration s = S§/S7 and b the dimensionless enzyme-substrate complex

concentration ¢, as function of the time t. The solid lines were calculated with the expressions derived in
[8], while the circles represent the approximations (39). Parameters: E7 = 3, St = 1,k = 1,k_1 = 0.04
and kp =4

We have compared our solutions with those obtained by Dell’ Acqua and Bersani [8].
In Fig. 1a, b, we display, respectively, the dimensionless substrate concentration s =
S/St, and the dimensionless enzyme-substrate complex concentration ¢, as function
of the time t, for the parameter values Er =3, 57 = 1,k = 1,k_; = land kp = 1.
The solid lines represent the solutions found in [8], while the circles were calculated
with the expressions (39). In Fig. 2a, b, we show the same quantities for the parameter
values Er =3, St = 1,k; = 1,k_; = 0.04 and k» = 4 (both sets of parameters were
used in the examples discussed in [8]). From the figures, we observe a good agreement
between the two perturbation solutions; the relative error was found to be <5 %.

We believe the main advantage of the present perturbation solution over that derived
in [8] is that it yields relative simple closed form expressions, and with similar accuracy.
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